This paper is concerned with the existence and uniqueness of solutions for a sequential fractional differential system with coupled boundary conditions. The existence of solutions is derived by applying Leray-Schauder's alternative, while the uniqueness of the solution is established via Banach's contraction principle. Two examples are then given to demonstrate the validity of our main results.
Introduction
The human immunodeficiency virus (HIV) causes acquired immune deficiency syndrome (AIDS). The viral infection is characterized by a severe impairment of the immune system and related opportunistic infections. HIV is a retrovirus that targets the CD + T lymphocytes, which are the most abundant white blood cells of the immune system. Until now, there are several countries, particularly in Africa, with up to % of their populations between the ages of  and  years infected by HIV, and throughout the world, already over  million deaths died of AIDS. Motivated by the HIV infection model and its application background, in this paper, we consider the existence of solutions for the nonlinear sequential fractional differential system with coupled boundary conditions (BCs) of the type:
where
given continuous functions. In the past decades, fractional calculus has been extensively applied in many fields such as physics, chemistry, aerodynamics, electrodynamics of complex medium, polymer rheology, economics, control theory, signal and image processing, biophysics, and blood flow phenomena. Many mathematicians and applied researchers have tried to model real processes using the fractional calculus. In biology, it has been deduced that the membranes of cells of biological organism have fractional-order electrical conductance [] and thus are classified in groups of non-integer-order models. Fractional derivatives embody essential features of cell rheological behavior and have enjoyed greatest success in the field of rheology [] . Fractional-order ordinary differential equations are naturally related to systems with long time memory which exists in most biological systems such as HIV infection, hepatitis C virus (HCV) infection, and cancer pervasion. Also, they are closely related to fractals, which are abundant in biological systems. Thus fractional-order differential equations are also regarded as a better tool for the description of hereditary properties of various materials and processes than the corresponding integer-order differential equations. With this advantage, fractional-order models have become more realistic and practical than the corresponding classical integer-order models, moreover, the dynamics behavior of fractional-order models are also as stable as their integer-order counterpart. Since theoretical results can help to get an in-depth understanding for the dynamic behavior in biological process, the study of abstract fractional dynamic models nowadays is quite relevant and important. On the other hand, BCs in (.) are referred to as coupled BCs; they arise in the study of reaction-diffusion equations, Sturm-Liouville problems, mathematical biology and so on; see [-] . In [], Leung studied the following reaction-diffusion system for a prey-predator interaction:
subject to the coupled BCs
where the functions u(t, x), v(t, x), respectively, represent the density of prey and predator at time t ≥  and at position x = (x  , . . . , x n ). Similar coupled BCs are also studied in [] for a biochemical system. As far as we know, the nonlinear fractional differential system coupled at equations have been studied extensively. 
+ are the standard Riemann-Liouville fractional derivative. The paper is organized as follows. In Section , we recall some basic concepts of fractional calculus and present some auxiliary lemmas. The main results are presented in Section . We give two results: the first one dealing with the existence of solutions is derived by applying Leray-Schauder's alternative; the second one concerning the uniqueness of solutions, established by applying Banach's contraction mapping principle. In Section , two examples are given to demonstrate the validity of our main results. Some interesting observations are presented in the conclusions section.
Preliminaries and lemmas
In this section, we will present some preliminaries and lemmas that will be used in the proof of our main results.
Definition . ([, ]) The Riemann-Liouville fractional integral of order α >  is given by
where n - < α < n, provided that the right-hand side is pointwise defined on (, +∞).
Definition . ([, ]) For an (n -)-times absolutely continuous function
where [α] denotes the integer part of the real number α.
Lemma . For any h, g ∈ L(, ) ∩ C(, ), the system consisting of the equations
and the BCs
has a unique integral representation
Proof Solving (.), we obtain
where c ij ( ≤ i ≤ ,  ≤ j ≤ ) are constants to be determined. In the following, we determine c ij ( ≤ i ≤ ,  ≤ j ≤ ), so that u(t) and v(t) satisfy (.). By BCs (.), we obtain
and
Note that
Thus, the system (.)-(.) has a unique solution for c  and c  . By Cramer's rule and simple calculations, it follows that
Substituting (.) and (.) in (.), one has
So (.) holds. Similarly, substituting (.) and (.) in (.) we can get (.). This completes the proof of the lemma.
, then X × X is a Banach space with the norm
In view of Lemma ., we define the operator T :
where operators T i : X × X → X (i = , ) are defined by
For the sake of convenience, we set
Lemma . The operator T: X × X → X × X is a completely continuous.
Proof By continuity of the functions f i (i = , ), the operator T is continuous. Let ⊂ X × X be bounded. Then there exist constants L i >  (i = , ) such that
Then for any (u, v) ∈ , it follows from (.), (.), (.), (.), and (.) that
which implies that
where M  , M  are given by (.). By (.), (.), (.), (.), (.), and proceeding as in (.), we can obtain
where M  , M  are given by (.).
Combining (.) with(.), we obtain
which implies that the operator T is uniformly bounded. Next, we show that T is equicontinuous. For any t  , t  ∈ [, ] with t  ≤ t  , noticing (.) then we have
Analogously, we can obtain the following inequalities:
Since for any fixed s ∈ [, ], the functions e Now we state a well-known fixed point theorem, which is needed to prove the existence of solutions for system (.).
Lemma . (Leray-Schauder alternative []) Let E be a Banach space. Assume that T :
E → E be a completely continuous operator. Let V = {x ∈ E|x = μTx for some  < μ < }.
Then either the set V is unbounded, or T has at least one fixed point.

Main results
Theorem . Assume that there exist real constants
In addition, assume that
Then the system (.) has at least one solution.
Proof Let us verify that the set
Then, by (.), (.), (.), and (.), for any t ∈ [, ], we have
Hence we have
Similarly, proceeding as in (.), we can obtain
Combining (.) with (.), we obtain
Consequently,
proves that the set V is bounded. Thus, by Lemma ., the operator T has at least one fixed point. Hence the system (.) has at least one solution. The proof is complete. 
Then the system (.) has a unique solution.
.
We show that TB r ⊂ B r , where B r = {(u, v) ∈ X × X : (u, v)  < r}. For any (u, v) ∈ B r , we have
Similarly, for any (u, v) ∈ B r , proceeding as in (.), we can get Thus all conditions of Theorem . are satisfied and, consequently, the system (.) has a unique solution (with f  , f  as in (.)).
